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Occupation number representation and operator-technique are used in the calculation of harmonic
oscillator matrixelements for one and two centres and for equal and different frequencies. The
potentials treated are generalized Gauss-potentials of the form p*a!exp{az?}, #* p'exp{a P2}, and
p* #lexp{aZ p} which by application of an operator identity could be reduced to the same form.
Applications in nuclear and molecular physics, in molecular spectroscopy and in quantum chemistry

are discussed briefly.

1. Introduction

In two short notes cited as I'! and II2 formulae
for two-centre and one-centre harmonic oscillator
integrals were derived for the one dimensional and
two dimensional case and for equal and different
frequencies. Second quantization and operator-tech-
nique were applied in an algebraic calculation. The
most general matrixelement was of the form

(k| P™ @7 exp{a?}|l+d))

where the notation of the double brackett means an
oscillator of frequency Q. Its equilibrium position
is displaced a distance d from the origin. In the
present paper a derivation of integrals for potentials
of the GauB3-type for two centres will be given. They
have the general form

(1.1)

(k|Pm™ 2" exp{a 22} |I+d)), (1.2)
(k|P™ 2" exp{a 2D} |I+d)), (1.3)
(k]iJ"' ?C’exp{a fJ2}|l+d)), (1.4)

and are thus more general than similar integrals
already given in the literature. A short survey on
previous GauB-integral calculations may show this

o o (m! n!)'

(m|V(Z)|n) =

o rlm=n)1 (n—n)! |

generalization. The first solution of the Gaul}-inte-
gral for one centre was apparently given by Sack?
who used an operator identity derived from his
“Taylor theorem for shift operators”. As the same
identity will be used later, no detailed explanation
will be given. Introducing intermediate states he got
a condensed result in form of hypergeometric func-
tion. A different treatment was given by CHAN and
STELMAN? using conventional integration techni-
ques. They got recursion formulae and relations be-
tween matrixelements which could be used in the
computerdiagonalization of a vibrational Hamilton-
matrix. Along similar lines a derivation of one cen-
tre Gaul}-integrals in one, two and three dimensions
was given by BELL®. Instead of Hermite-functions
he used Laguerre-functions as radial wave functions
and applied complex integration methods. His ar-
ticle is especially valuable for a thorough discussion
on the applications of Gauf3-integrals in the spectro-
scopy of polyatomic molecules. A different attack
to the problem of one centre GauB-integrals was
made by WiLcox 6 who introduced a Fourier-trans-
form technique in the solution for various potential

types.
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HARMONIC OSCILLATOR TWO-CENTRE INTEGRALS. III.

where a = (2w/k)"™ and g(ay) is the Fourier-
transform of V (%), which in his work is %,
%1 exp{ —1/2 722}, exp{iazZ), and 2 1sin(alZ).
He mentioned that this method will be applicable
to all potentials which have a Fourier-transform,
and he proposed a double Fourier-transform in 2
and P in the WEYL 7 manner for the calculation of
momentum dependent matrixelements. This will al-
ways be difficult if analytical methods are used,
whereas with algebraic methods the inclusion of
momentum dependent terms because of the simila-
rity between Z and P in occupation number repre-
sentation is always possible. The two centre GauB-
integral seems to be derived for the first time by
RoBERTS 8, who borrowed an expansion method
from nuclear physics. Since the pioneering work by
Tarmi? it is well known in nuclear physics that so
called Slater-integrals for two centres can be re-
duced to a one centre expansion. SMIRNOV 10 gen-
eralized Talmi’s method for two particles of differ-
ent mass in an oscillator well.

Though this one centre-expansion is only for-
mally identical with a one centre-expansion for dif-
ferent oscillator frequencies ROBERTS & applied this
expansion to oscillator integrals in quantumchemis-
try. He got condensed results, but for practical ap-
plications the calculation of the Talmi-coefficients
in the expansions may be complicated and tedious.
A disadvantage of the method is that the derivations
are not straight forward and difficult to follow.

It may therefore be valuable to have a clear
derivation of generalized GauB-integrals which uses
simple algebra only. The widespread applications
in several fields of physics and chemistry will be
given in the conclusion.

2. Gauss-Potentials in Second Quantization

For convenience the defining equations of I are
repeated, as they will be important in the further
calculation. The formulae for the twodimensional
oscillator follow II and will not be given here for
brevity; the operators d*, & belonging to the oscil-
lator with frequency w, the operators 4%, 4 to the
oscillator with frequency L. They are related to
each other by

A =Gt +¢d, (2.1)

A* =86 +ea, (2.2)
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and have the commutators
[6,4] . =[A4*&"]. =4, (2.3)
[6,4*]. =[4,d"]. =¢ (2.4)
where
e=/2) |(g) +(2)"]. @
om|(E-(51] o

The main tool in treating generalized Gauf3-poten-
tials will be an operator identity which was derived
by Sack 3. A proof can be found in a review article
by WiLcox ! which may be consulted for all details
of operator calculus. For “shift operators” with the
commutator

[X,¥]_=yY (2.7)

where ¥ is a c-number Sack’s identity is:
exp{§(X+17)} = exp{% [exp{¢y} —1] }eXP{E X}
—exp{£ X} exp{ (1 Y[y) [1—exp{ - £y}1}
(4, & =constants). (2.8)

The problem is the factorization of the GauB-type
exponential operators

Vl(%2) =exp{a %2} ’
V2(f)2) =exp{a @2} 9
V3(2p) =exp{a ZP}.

(2.9)

The first potential was already factorized by Sack ®
with the simplification i =m = =1. In the general
case some additional numerical factors arise. The
shift operators for the potentials will be given in
the w-representation.

(6% 22]_ =2(R/2mw)" 22, (2.10)
[é D, 2% =2i(mh w/2)" P2,

[22, 2P]_. =2ik 22, (2.11)
[G* &, a"™] . =ma*™, (2.12)
[G*&,am] . = —ma", (2.13)

m is a positive integer.

The application of Sack’s identity will be demon-
strated for the potential ¥;(22). The potentials
V,(P?) and V4(ZP) are factorized in an analogous
way. As the result for all the potentials will be
given in the same algebraic form the constants are
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labelled by indices corresponding to the potentials
Vi,VayorVs. Itis:
exp{K;[a3 — (R[2m @) "] 2]}
—exp{ —K,(R/2m w)" (" d+a*?)}
—exp{(mw/h) (1 —exp {K{(2h/mw)"}) 22}
Xexp{K;(R/2mw)" (Ga*+a?)}. (2.14)
Multiplication from the right with
exp{ —K;* (36" +))
where K * abbreviates [(h/2m w)"K,] yields:
exp{ (m o/k) [1 — exp{K, (2 h/m w)":}] 2}
= exp{ - Kl* (d+ d + é+2) } exp{ = Kl* ((‘i+ (i + &2) }
x exp{ —K,*}. (2.15)

By comparison of the coefficients of exp{2}, K, is
related to a by:

K,=(mw/2k)"log(l —ak/mw). (2.16)

The exponential operators on the right side are fac-
torized with Eqgs. (2.8), (2.12) and (2.13) so that

exp{a(ZP —imw ¥2)} —exp {(l;;}) 22 [exp{ —2iha} —1] } exp{azp},

exp{a 2P} —exp{— (mw/2k) 22 [exp{ —2iha} —1]} exp{ —ih a(d*d+a?)}.
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the final result can be written as
V,=exp{w, @2} exp{w,d*a}

x exp{w,3 a®} exp{w,e} (2.17)
where the coefficients for the potential with y=1
re:

wyy = (1/2) (exp{ —2K,"} 1), wyo=—2K,%,
wyz=(1/2) (exp{ -2 K"} - 1), wyy= —K,*.
(2.18)
For the potential with y =2, V,(9?) the coefficients
are:
wey = (1/2) (1 —exp{ —2K,*}), wyo= —2K,%,
wyg= (1/2) (1 —exp{ —2K,"}), woy= —K,"

o

(2.19)
with

Ky*=i(mh w[2)" K, ,

Ko— —i@mhw)”log(l+amkw).  (2.20)

For the potential V;(ZP) the factorization reduces

to the factorization of the already known potential
V,(22) if Eq. (2.11) is used.

(2.21)

(2.22)

The last factor in Eq. (2.22) will be factorized and ordered to the form of Eq. (2.17).

exp{a D} =exp{a,* 22} exp{ —iahd*d}exp{(—1/2) (1 —exp{—2iha})}

with
a*=— (mw/2k) [exp{ —2ika}—-1]. (2.24)
The coefficients for V3 (ZP) are:
wyy =wyy (a1), wge=wyo(a,") —iah,
wyy = wyg(a,*) exp{ —2ik a} + (1/2) (2.25)

(exp{ —2iha} —1).wy =w4(as®).
It may be remarked that ¥3(%?) can be used in a
similarity transformation generating a transformed
oscillator Hamiltonian of a different mass.

E:exp{a%f)}[(fﬂﬂ m) +m w222 exp{ —a2p},

(2.26)
P2= Plexp{2iha},
22= 22exp{-2iha}. (2.27)
A “transformed” mass can be defined as
m*=mexp{—2iha}. (2.28)
The transformed eigenvector is:
) —exp{a &P} |n) . (2.29)

(2.23)

Particles of different mass in an oscillator well are
sometimes treated in nuclear physics.

3. Calculation of Matrixelements

The most general onedimensional matrixelement
of the GauBian type will be:
Iy =exp{w, —ws*/2} (r | P*" exp{w, a*2}
X exp{w, @* a} exp{w;a} exp{ —w;d*}
X exp{ws @} |t)).
The double bracket means a state belonging to the

oscillator with £, the constant wj contains the shift
of the origin.

(3.1)

ws = (wm/2h)"d. (3.2)

If exp{w; @2} and exp{ —w;d*} are commuted and
if the Zassenhaus formula of the appendix is applied,
Eq. (3.1) reads in occupation number representa-
tion:
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1,=T,-(0]& (a*—a)* (a*+a)* exp{w, 6**}
X exp{w, d* d} exp{ —w;a*}
* exp{gy @) exp{w; @} (47)¢]0))
with
T = (r12) " #(mh w/2)*2 B2m )2 (3.4)

X exp{w, +ws? wy — ws2/2}, g, =ws— 2wy wy.
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sion which can be factorized.

(3.3) exp{(—g. 8/} a* A} —exp{ (— g2 0/e) (0 &*2 +ca* )}

=exp{ —g;0a" a} exp{gs ™},

The main problem will be to express exp{w; a2} by exp{w;a*} =exp{—g,9} exp{ —2g,0a"a}

a product of exponential operators which contain
powers of @™ and A4 separately. By a suitable defini-
tion of shift operators it is possible to apply Sack’s
identity repeatedly. These shift operators are de-
fined as

[64,42) . =2042, (3.5)
[6* 4, 2] = —2¢42, (3.6)
[6*4,6m] . = —mam,
[6*&,d"™] _ =mé*m,
[64,82]_ = —26a. (3.8)

Itis

exp{ —gz(a A —ed®)} =exp{ —g,0} exp{ — g, 04" a}

=exp{(¢/20) [exp{2 g, 0} — 1] @®}exp{ — g, a A} .

(3.9)

Equation (3.9) is multiplied from the right with

exp{ +g>d A} so that the coefficients of 42 in Eqs.
(3.9) and (3.3) can be compared.

go=(1/28)log[ (2 d wsfe) +1].  (3.10)

The next step is the splitting of the mixed exponen-
tial operator with ¢ 4 into expressions which con-
tain é* and A operators separately. This can be

achieved by using Eq. (3.5).
exp{gs (a4 — (1)) 82)} = exp{(— g2 0/¢) a* 4}
—exp{g.d A} (3.11)
X exp{ — (2£0) "1 [1 —exp{ —2 g, 6}] AA2} .
Equation (3.11) is multiplied from the right with
exp{ + g5 A2}, where g, abbreviates
93— (2e0) 7' [1—exp{-2g,0}],  (3.12)

exp{gs @ A} =exp{(— g, 8/e) a* 4} exp{gy 42} .
(3.13)

In the first exponential on the right side the opera-
tor A4 is replaced by Eq. (2.1) leading to an expres-

(3.14)
gs=(6/2¢) (1—exp{2g,0}) .
(3.15)
The final result is:
X exp{gy @*?} exp{g; ,22} : (3.16)

The usual commutations as in I and II can be per-
formed, according to the formulae given in the ap-
pendix; exp{g; @} will be commuted to the right to
complete the separation of creation and annihilation
operators.

exp{g; d} exp{ —2g,0a*a} exp{gy a*?}
=exp{ —2g,0a" a} exp{g,d*?}

X exp{2gyexp{ —2g,0} g,a*}  (3.17)

(3.7) < exp{gy exp{ —2 g, 0} a} exp{g,>exp{—4g,9} g4} .

Now, exp{g, exp{ —2 g, 9} @} is substituted by Eq.
(2.1) and the Zassenhaus-formula is applied:
exp{(—g,/¢) exp{—2g:8} (3"~ 4)}
=exp{ — (91/¢) exp{— 29,6} 6a"}

X exp{(g:/¢) exp{ ~2g,0} 4}  (3.18)

x exp{(—g;*/2 &%) exp{ —4 g, 6} de} .
The matrixelement is after collecting all terms
I, =T, T5(0|éa (" —a)*(a* +a)’ exp{w, 4*2}

X exp{wy a* a} exp{ —wsd*} exp{ —2g,0a"a}

Xexp{gya"?} exp{g;(2g94—9d/e)a’}  (3.19)
X exp{ (g5/¢) A} exp{g; 42} (4")"|0))
with gs=g,exp{ —2 9,0} (3.20)
and
Ty=exp{—g:0+gs95°—0g5%/2¢}.  (3.21)

The A-operators are commutated to the right ac-
cording to the formulae of the appendix.

exp{ (gs/e) E}Aexr){ys 2:"} (4%)t]0))
=[A"+2g;4 +(!]5/€)]t]0)>- (3.22)

The 14A-ty4pe operators are replaced by Egs. (2.1)
and (2.2) and the vacuum state |0)) is expanded
in terms of the eigenstates of the operator H with
frequency . The derivation of the expansioncoeffi-
cients was aready given in I.

|0)) = 3 Cos(s)) "2d+%] 0),

Cos={s]0)). (3.23)
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Equation (3.22) is, therefore:
S Cos(s!) " [6*(2g30+¢) +d(2g5e+9) + (g5/e)1t (69)°]0). (3.24)

The d*-type operators are commuted to the left where no difficulties will arise. The final result will be:
I,=TT,3 Cos(s!) " (0[{a exp{w,—2g, 0}
8

+[2gsexp{wy—2 950} + 2wy exp{ —w, +2g,0}] a*

— w; exp (wy) +g5(2 g — 9/¢) exp{wy —2920}}"

{lexp{2g9:0 —w,} (1 -2wy) —2gexpiw,—2g,0}]a

—exp{wy — 29,0} @+ wsexp(wy) —g5(2 94— 0/e) xexp{w,—2g,0}}* (3.25)

{[exp{2 920 —w,} (1 +2w;) +2g,exp{wy—2g,06}]-a"

+exp{wy —2 g, 0} @ —wj exp (wy) +g5(2 g4 —0/¢) exp{w, —2 g, 0}}!

[67(2g30+¢) +d(2g5¢+9) +g5/elt (a*)]0) .

It can be seen from Eq. (3.25) that only a limited number of annihilation operators is available. The
series expansion breaks off after a finite number of terms. The evaluation of the matrixelements is straight-
forward, only multiplications and some commutations are necessary. A more elegant treatment will be
the use of a normal ordering formula, which is given in the appendix. In a normal ordered operator pro-
duct all creation operators stand left from all annihilation operators. The vacuum expectation value of a
normal ordered product is zero. The method will be given in the following example for the Gauf3-potential
between undisplaced oscillator states of equal frequencies.

Iy = (r|exp{w, a**}exp{w, a* @} exp{wy a®} |1) exp{w,}

= (r!t!)) " exp{w,} (0] (G+ 2w, a*)" (a* exp{ws} + 2wy exp{ —w,}d)?|0). (3.26)
New operators are introduced having the same properties as @* and .
Dt =2w,a*, Dy=a, (3.27) D,* =it exp{w,}, Dy =2wgexp{—w,}d. (3.28)

With the normal ordering formula of the appendix the result is:
[r/2) r-2k [#/2] t-21 P I
. 1 41) 12 _ (wl) rt”v_‘_r (ws) t: o
I= (rle!) " expluwy} 2 EO ,:zo ,,ZO KUs!(r—2k—s)! Lm!(t—21—m)!

x<0‘51+sﬁlr—2k—sﬁ2+mﬁ2t~21—m|0>. (3.29)

The matrixelement vanishes for all non zero powers of D;* and D, so that the labor of calculating the
Gaufl-matrixelement is reduced even for large numbers r and ¢.

4. The Gauss-Potential for the Twodimensional By the well known transformation from the cartesian
Oscillator to the angular momentum representation (see II)

. . L. the potential is:
As no physical or chemical applications of the

GauB-potential for the displaced twodimensional os- V' = exp{2w 4. A _*}exp{wy(4,% 4,
cillator with different frequencies could be found and A*4 ) } exp{2 wy ,L /i\_} exp{2w,}. (4.3)
as no new methods will be applied, only the matrix-

element for equal frequencies will be given. The shift operator in two dimensions is:

V—exp{a(Z2+ 2,%)). a1y S=exp{—w?} exp{ — (w; V2/2)
As%, and %, commute the potential will be written X [(1—i) A,* + 1+ 4.1} (4.4)
as a product of two onedimensional Gauf}-potentials x exp{ (w5 1V2/2)} [(1+1) A+ (-9 ,f_]} '

in the ordinary second quantized form.
V = exp{w (4" +8%%) Yexp{ws (A" dy +3y" ) } .
x exp{ws (6,2 + &:2) } exp{2w,} . (4.2) I,=(NL|VPS|N'L) (4.5)

The matrixelement
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can be written with the abbreviations
wg = (w5 V'2/2) (1-4),
w; = (w5 12/2) (1+9),
Iy =exp{2w,} exp{ —ws®} (m,!m_!n, !n_!)
% (00| A\+"*j_"'exp{2 wy 2++2_+}
Xexp{wy(A.* A, +A_*4_)} (47)
x exp{2 wy A, AA_} exp{ — wyg 4. *}
% exp{ — w; Ef} exp{w; j,,}
x exp{wg 15?_} A, 4 _tm 100).

(4.6)

—1/s

The result can be written down after the commuta-
tion of the 4, -type operators:

Iy=exp{2w,} exp{ —ws2} (m . !m_!n,!n_!)
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monic oscillator. Finite Lie-algebras can be con-
structed with Z, D, ZP, 22 and P2, higher powers of
Z or P which arise in the theory of the anharmonic
oscillator lead to infinite Lie-algebras. It may be
possible to define a similar occupation number re-
presentation for related problems with hypergeo-
metric functions so that matrixelements can be cal-
culated with the same technique.

As the present results were derived by fairly long
calculations the question may arise if the calcula-
tion of oscillator Gauf}-matrixelements by algebraic
techniques is of only formal interest or if it is of
practical importance. This will be answered by the
following applications.

—1/s

# exp{2 wy wgw;} (00| (A, exp{awn} — wg exp{as}

+ 2wy exp{ —wy} A_ ") (A_ exp{uwy} —w; exp{wy)

(4.8)

+2 wy exp{ —w,} AA++)"‘ (2+++2w3 4. — 2 wswy; +w;)"

~

X (A_*+2wy A, — 2wy wg+wg)™|00) .

These results are important for a mathematical ap-
plication. It will be remarked, that hydrogenic ra-
dial functions can be reduced to the radial wave-
function of the twodimensional isotropic harmonic
oscillator. Hydrogenic matrixelements can therefore

be derived from Eq. (4.8).

5. Conclusion and Discussion

Second quantization and few operator formulae
enable the algebraic solution of harmonic oscillator
matrixelements of the form

I,=(r|P* 2 exp{a(D+ Z)}|2t+d)) (5.1)
and
Iy= (r|p* @' exp{a P?}
X exp{f 2%} exp{y D @} |1 +d))

for one and two dimensions. The double brackett
means an oscillator state which is displaced a dis-
tance d, with different mass m* or frequency £
compared to the state (r|. As already mentioned
the integrals were not yet known with such general-
ity. The further generalization would be the inclu-
sion of exponential operators with higher powers
of Zor Pthan quadratic ones. This is not possible
depending on the Lie-algebraic structure of the har-

(5.2)

A) Molecular Potentials

Some interactions in molecules and between mo-
lecules are described by a GauB-potential. As the
Schrédinger-equation cannot be solved in closed
form, the Hamilton-matrix is computed in the oscil-
latorbasis and diagonalized.

B) Theoretical Spectroscopy

This topic was discussed thorougly by BELL ® who
gave a long list of references. In addition to mole-
cular spectroscopy some integrals derived here are
important for phononassisted optical transitions in
solids.

C) Theoretical Chemistry

The applications of the two centre Gauf-integral
were already mentioned in the introduction. In his
treatment of energy surfaces from cuspless wave-
functions WULFMAN 12 proposed to use harmonic
oscillator wavefunctions as basis sets instead of
Gaul-wavefunctions, as these do not form a com-
plete orthonormal basis. In quantum chemical cal-
culations two centre integrals like the overlap and
the kinetic energy integral arise which are in Ro-
bert’s notation
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KEI(”: a, A: N: b:B) :fff dx‘d)’ dz Qll(ay r.—\) v2 d;N(ba rB)
OVP(TL,G,A,N, b’B) :fffdx‘dydz an(a’rA) Q\«(b’ rB) .

and

W. WITSCHEL

(5.3)
(5.4)

Both integrals are of the type (5.1) and are already given in I. The three centre nuclear integral can
be reduced by an integral transform to a Gaul}-integral

NAI(n,a,4,N,b,B) = [[[ dzdy dz Dy(a,ra) 171 D, (b, 1) (5.5)
with 12 =0+ y2+22
and r 1=2xa"" [duexp{ —ur}. (5.6)
0

N A1 factorizes to a product of three one dimensio-
nal Gaul-integrals. By one centre expansions three
and four centre electron integrals can be reduced
to products of the overlap, the kinetic energy and
the nuclear attraction integral. First calculations on
atomic and molecular few electron systems by Mo-
sHINSKY and NovARO 13 show that harmonic oscil-
lator techniques may improve conventional quantum
chemical calculations.

D) Nuclear Physics

Slater-integrals in nuclear shell theory by the
Talmi-expansion technique are derived by several
authors so that the present results may only be a
supplement. It may be more interesting to have
matrixelements for velocity dependent potentials
available. A momentum dependent potential which
was often used 1 is

V(r,V2) = — Aexp{ —a2r?}
—B(\V2exp{ - Br*} —exp{ -1} V?)
with the integral representation
V(r,\V2) ={[V(%7) exp{i( ¥ — #)D/R} dr'}.
(5.8)

For both cases matrixelements in a cartesian oscil-

lator basis can be derived from Eq. (5.2).

(5.7)

E) Hydrogenic Matrixelements

Louck *® has shown in a series of papers how
the two dimensional harmonic oscillator can be re-
lated to the hydrogen atom. After a simple substitu-
tion all results derived in the present paper can be
transferred to hydrogenic radial integrals. It can be
shown that matrixelements of the type

Knn'll',s = f 1/rs Ry (r) R,y (r) r2dr (5.9)
0

treated some time ago by PASTERNACK and STERN-
HEIMER !¢ are contained implicitely in Eq. (4.8).

The author wishes to thank Professors H. REICH,
E. RICHTER, and G. SIMON for discussions.

Appendix

All commutations of the preceeding text are spe-
cial cases of well known formulae !, which will be
repeated for convenience.

exp{a X} Y* exp{ —a X}
(¥ Ta[X, Y]+ (a22) [X,[X,¥]_]_+..)
— (Y (a))* (A.1)

The curly brackett with the minus sign is an often
used abbreviation of the repeated commutator. By
series expansion and final resummation it can be

derived from (A.1)
exp{a X} exp{¥}exp{ — a X} =exp{¥ (a) } . (A.2)
The Zassenhaus-formula is

exp{}\( + I,;} =exp{)2}exp{’i/} exp{C,"*}exp{C;*} ...
(A.3)
where

G = (=11, 71., (A.4)

C* = (1/6)[X, [X,¥1_1- + (1/3)[Y, [X, 7] _]..
(A.5)

If f, ¥ commute with [/’\\’, f]_ all terms higher
than the second vanish.
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The normal ordering formula given by WiLcox ! In the commutations six different types of (A.1)
is and (A.2) are necessary which will be collected:
~ [n/2] n-2Fk 9Nk n! A oA AN = ~ .
Frre T s aasds et 0

(A.6) explad*a}a exp{—ad*d}=dexp{—a}, (A.8)

with [I;, é]_ =c, ¢ is a c-number, P and Q can exp{ad?}a@ exp{—ad*®} =(i—2ad’),

be realized by d and 4", thus leading to:

exp{ad} d* exp{—ad} =(d"+a),
exp{ad*d}a* exp{—ad*d} =a*exp{a}, (A.9)
(A.7) exp{aa?}a* exp{—ad®} =(da"+2aa).

[n/2] n-2Fk Ent
= At\n 7,(1[,2),,'1 e = A
@+d)"= 2 2 fra@—z2k_g1 94

! W. WrTscHEL, Z. Naturforsch. 26 a, 940 [1971]. 10 Yu. F. SMirNOV, Nucl. Phys. 39, 346 [1962].

2 'W. WiTscHEL, Z. Naturforsch. 26 a, 943 [1971]. 11 R, M. WiLcoX, J. Math. Phys. 8, 962 [1967].

3 R. A. SAck, Phil. Mag. (8), 3, 497 [1958]. 12 C. E. WULFMAN, J. Chem. Phys. 33, 1567 [1960].

4 S.1. CHAN and D. STELMAN, J. Chem. Phys. 39, 545 [1963]. '3 M. MosHINsKY and O. J. Novaro, J. Chem. Phys. 48, 4162

5 S. BELL, J. Phys. B (Atom. Molec. Phys.) 2, 1001 [1969]. [1968].

6 R. M. WiLcox, J. Chem. Phys. 45, 3312 [1966]. 14 J. S. LEVINGER, Nucl. Phys. 19, 370 [1960].

7 H. WEYL, The Theory of Groups and Quantum Mechanics, 15 J. D. Louck, J. Mol. Spectr. 4, 285, 298, 334 [1960].
Dover Publications, New York 1931, p. 274. 16 S, PAsTERNACK and R. M. STERNHEIMER, J. Math. Phys.

8 P. J. RoBerTs, J. Chem. Phys. 42, 879 [1965]. 3, 1280 [1962].

9 T. Tarmr and A. DESHALIT, Nuclear Shell Theory, Aca-
demic Press, New York 1963.



