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Occupation number representation and operator-technique are used in the calculation of harmonic 
oscillator matrixelements for one and two centres and for equal and different frequencies. The 
potentials treated are generalized Gauss-potentials of the f o rm pk xl e x p { a x 2 } , xk pl e x p { a p2}, and 
pk xl e x p { o x p} which by application of an operator identity could be reduced to the same form. 
Applications in nuclear and molecular physics, in molecular spectroscopy and in quantum chemistry 
are discussed briefly. 

1. Introduction 

I n t w o s h o r t n o t e s c i t e d a s 1 1 a n d I I 2 f o r m u l a e 

f o r t w o - c e n t r e a n d o n e - c e n t r e h a r m o n i c o s c i l l a t o r 

i n t e g r a l s w e r e d e r i v e d f o r t h e o n e d i m e n s i o n a l a n d 

t w o d i m e n s i o n a l c a s e a n d f o r e q u a l a n d d i f f e r e n t 

f r e q u e n c i e s . S e c o n d q u a n t i z a t i o n a n d o p e r a t o r - t e c h -

n i q u e w e r e a p p l i e d i n a n a l g e b r a i c c a l c u l a t i o n . T h e 

m o s t g e n e r a l m a t r i x e l e m e n t w a s o f t h e f o r m 

(k\pmxrexp{ax}\l + d)) (1.1) 

w h e r e t h e n o t a t i o n o f t h e d o u b l e b r a c k e t t m e a n s a n 

o s c i l l a t o r o f f r e q u e n c y Q . I ts e q u i l i b r i u m p o s i t i o n 

i s d i s p l a c e d a d i s t a n c e d f r o m t h e o r i g i n . I n t h e 

p r e s e n t p a p e r a d e r i v a t i o n o f i n t e g r a l s f o r p o t e n t i a l s 

o f t h e G a u ß - t y p e f o r t w o c e n t r e s w i l l b e g i v e n . T h e y 

h a v e t h e g e n e r a l f o r m 

(k\pm x r e x p { a x*}\l + d)) , ( 1 . 2 ) 

(k\pm £ r e x p { a x p ) \l + d)) , ( 1 . 3 ) 

(k\pmxr exp{a p2}\l + d)) , (1.4) 

a n d a r e t h u s m o r e g e n e r a l t h a n s i m i l a r i n t e g r a l s 

a l r e a d y g i v e n i n t h e l i t e r a t u r e . A s h o r t s u r v e y o n 

p r e v i o u s G a u ß - i n t e g r a l c a l c u l a t i o n s m a y s h o w t h i s 

g e n e r a l i z a t i o n . T h e f i r s t s o l u t i o n o f t h e G a u ß - i n t e -

g r a l f o r o n e c e n t r e w a s a p p a r e n t l y g i v e n b y S A C K 3 

w h o u s e d a n o p e r a t o r i d e n t i t y d e r i v e d f r o m h i s 

" T a y l o r t h e o r e m f o r s h i f t o p e r a t o r s " . A s t h e s a m e 

i d e n t i t y w i l l b e u s e d l a t e r , n o d e t a i l e d e x p l a n a t i o n 

w i l l b e g i v e n . I n t r o d u c i n g i n t e r m e d i a t e s tates h e g o t 

a c o n d e n s e d r e s u l t i n f o r m o f h y p e r g e o m e t r i c f u n c -

t i o n . A d i f f e r e n t t r e a t m e n t w a s g i v e n b y C H A N a n d 

S T E L M A N 4 u s i n g c o n v e n t i o n a l i n t e g r a t i o n t e chn i -

q u e s . T h e y g o t r e c u r s i o n f o r m u l a e a n d r e l a t i o n s b e -

t w e e n m a t r i x e l e m e n t s w h i c h c o u l d b e u s e d i n t h e 

c o m p u t e r d i a g o n a l i z a t i o n o f a v i b r a t i o n a l H a m i l t o n -

m a t r i x . A l o n g s i m i l a r l i n e s a d e r i v a t i o n o f o n e c e n -

t re G a u ß - i n t e g r a l s i n o n e , t w o a n d t h r e e d i m e n s i o n s 

w a s g i v e n b y BELL 5 . I n s t e a d o f H e r m i t e - f u n c t i o n s 

h e u s e d L a g u e r r e - f u n c t i o n s a s r a d i a l w a v e f u n c t i o n s 

a n d a p p l i e d c o m p l e x i n t e g r a t i o n m e t h o d s . H i s ar -

t i c l e i s e s p e c i a l l y v a l u a b l e f o r a t h o r o u g h d i s c u s s i o n 

o n t h e a p p l i c a t i o n s o f G a u ß - i n t e g r a l s in t h e s p e c t r o -

s c o p y o f p o l y a t o m i c m o l e c u l e s . A d i f f e r e n t at tack 

t o t h e p r o b l e m o f o n e c e n t r e G a u ß - i n t e g r a l s w a s 

m a d e b y W l L C O X 6 w h o i n t r o d u c e d a F o u r i e r - t r a n s -

f o r m t e c h n i q u e i n t h e s o l u t i o n f o r v a r i o u s p o t e n t i a l 

t y p e s . 

rn n ( \ HVi f + °° ] 
(m\V{x)\n)= X ( i y ) » + " ! " } (1.5) 
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w h e r e a=(2co/h)y' a n d g(ay) is the F o u r i e r -
t r a n s f o r m o f V ( x ) , w h i c h in his w o r k is x , 
xi e x p { - 1 / 2 7 S 2 } , e x p { i a z x), a n d s i n ( a . 
H e m e n t i o n e d that this m e t h o d wi l l 'be a p p l i c a b l e 
to all potent ia ls whi ch h a v e a F o u r i e r - t r a n s f o r m , 
a n d he p r o p o s e d a d o u b l e F o u r i e r - t r a n s f o r m in x 
a n d p in the WEYL 7 m a n n e r f o r the c a l c u l a t i o n o f 
m o m e n t u m d e p e n d e n t matr ixe l ements . T h i s wi l l al-
w a y s b e d i f f i cu l t i f analyt i ca l m e t h o d s a re used , 
whereas wi th a l g e b r a i c m e t h o d s the i n c l u s i o n o f 
m o m e n t u m d e p e n d e n t t e r m s b e c a u s e o f the s imi la -
r i ty be tween x and p i n o c c u p a t i o n n u m b e r repre -
sentation is a l w a y s p o s s i b l e . T h e two centre G a u ß -
integra l seems to b e d e r i v e d f o r the first t i m e b y 
ROBERTS 8 , w h o b o r r o w e d a n e x p a n s i o n m e t h o d 
f r o m nuc lear p h y s i c s . S i n c e the p i o n e e r i n g w o r k b y 
TALMI 9 it i s we l l k n o w n in n u c l e a r p h y s i c s that so 
ca l l ed Slater- integrals f o r t w o centres c a n b e re-
d u c e d t o a o n e c ent re e x p a n s i o n . SMIRNOV 1 0 gen -
era l ized T a l m i ' s m e t h o d f o r t w o par t i c l es o f d i f fer -
ent mass in an osc i l la tor wel l . 

T h o u g h th is o n e c e n t r e - e x p a n s i o n is o n l y f o r -
mal ly ident ical w i th a o n e c e n t r e - e x p a n s i o n f o r d i f -
f e rent osc i l la tor f r e q u e n c i e s ROBERTS 8 a p p l i e d this 
e x p a n s i o n to osc i l la tor integra ls in q u a n t u m c h e m i s -
t ry . H e g o t c o n d e n s e d results , but f o r prac t i ca l ap-
p l i cat ions the c a l c u l a t i o n o f the T a l m i - c o e f f i c i e n t s 
in the e x p a n s i o n s m a y b e c o m p l i c a t e d a n d t e d i o u s . 
A d i sadvantage o f the m e t h o d is that the d e r i v a t i o n s 
are not s tra ight f o r w a r d a n d d i f f i cu l t to f o l l o w . 

It m a y t h e r e f o r e b e v a l u a b l e t o h a v e a c l ear 
der ivat i on o f genera l i zed Gauß - in tegra l s w h i c h uses 
s imple a lgebra o n l y . T h e w i d e s p r e a d a p p l i c a t i o n s 
i n several f ie lds o f p h y s i c s a n d chemis t ry wi l l b e 
g iven in the c o n c l u s i o n . 

2. Gauss-Potentials in Second Quantization 

F o r c o n v e n i e n c e the d e f i n i n g e q u a t i o n s o f I are 
repeated , as they wil l b e i m p o r t a n t in the f u r t h e r 
ca l cu la t i on . T h e f o r m u l a e f o r the t w o d i m e n s i o n a l 
osc i l la tor f o l l o w II a n d wil l n o t b e g i v e n h e r e f o r 
b r e v i t y ; the o p e r a t o r s ä+, ä b e l o n g i n g t o the osc i l -
lator with f r e q u e n c y co, the o p e r a t o r s A+, A to the 
osc i l la tor with f r e q u e n c y Q . T h e y are re lated t o 
each other b y 

A=dä++eä, (2.1) 

A + = d ä + e ä + , ( 2 . 2 ) 

a n d h a v e the c o m m u t a t o r s 

[ a , A ] „ = [ > , a + ] _ = < 5 , ( 2 . 3 ) 

[ a , A + ] _ = [ A , a + ] _ = £ ( 2 . 4 ) 

w h e r e 

r - ( s ) ' " ! - < 2 - 6 > 

T h e m a i n t oo l in t reat ing genera l i zed G a u ß - p o t e n -
t ia ls wi l l b e an o p e r a t o r identity w h i c h w a s d e r i v e d 
b y SACK 3 . A p r o o f c a n b e f o u n d in a r e v i e w art ic le 
b y WILCOX 1 1 w h i c h m a y b e c o n s u l t e d f o r all detai ls 
o f o p e r a t o r ca lculus . F o r " s h i f t o p e r a t o r s " with the 
c o m m u t a t o r 

\X,Y[-=yY (2.7) 

w h e r e y i s a c - n u m b e r Sack ' s ident i ty i s : 

e x p { £ ( i + A Y ) } = e x p { ^ Y [ e x p { £ y } - 1 ] j e x p { £ A } 

- e x p { £ X } e x p { (X Y/y) [ 1 - e x p { - £ y } ] } 

(X, £ = c o n s t a n t s ) . ( 2 . 8 ) 

T h e p r o b l e m i s the f a c t o r i za t i on o f t h e G a u ß - t y p e 
e x p o n e n t i a l o p e r a t o r s 

Viix2) = e x p { a x2} , 

V2{p2) =exp {ap2}, (2.9) 
V3(xp) = e x p { a xp} . 

T h e first potent ia l w a s a l ready f a c t o r i z e d b y SACK 3 

w i t h the s impl i f i ca t i on h = m = co = 1 . I n the genera l 
case s o m e add i t i ona l n u m e r i c a l f a c t o r s ar ise . T h e 
s h i f t o p e r a t o r s l o r the potent ia ls w i l l b e g i v e n in 
the co -representat ion. 

[ax, x2]_ =2(h/2mco)1'1 x2, (2.10) 

[a p, p2]_ =2i(mho}/2)1,i p2, 
[x2,xp]_ = 2 ihx2, (2.11) 

[ a + a , a + m ] . = m a + m , ( 2 . 1 2 ) 

[a+ a, am] _ — —mam , (2.13) 

m is a p o s i t i v e integer . 

T h e a p p l i c a t i o n o f Sack ' s identity wi l l b e d e m o n -
strated f o r the potent ia l V 1 ( x 2 ) . T h e potent ia ls 
V2(P2) and V3(xp) are factorized in an analogous 
w a y . A s the result f o r all the potent ia ls wil l b e 
g i v e n in the same a l g e b r a i c f o r m the constants are 



l abe l l ed b y i n d i c e s c o r r e s p o n d i n g to the potent ia ls 
Vx, V2 o r V3 . It i s : 

e x p { K x [ ä x - (h/2mw)-lh] x2]} 
= e x p { - Kx ( f t / 2 m co) y> (a+ a + a + 2 ) } 

= e x p { (jti co / f t ) <(1 — e x p { K ^ h / m o j y ' 1 } ) x 2 } 

X e x p { K ^ h ^ m w ) 1 ' 1 (a a + + a 2 ) } . ( 2 . 1 4 ) 

M u l t i p l i c a t i o n f r o m the r ight w i t h 

e x p { — Kx* (a a + + a 2 ) } 

w h e r e Kx* abbrev ia tes [ (h/2 m co)1/2 Kx] y i e l d s : 

exp{ (m ojjh) [1 - e x p { K t (2 h/m co)1/2}] x2} 
= e x p { - Kx* (a+ a + ä+2)} e x p { - Kx* (a+ a + a2) } 

X e x p { . ( 2 . 1 5 ) 

B y c o m p a r i s o n o f the c o e f f i c i e n t s o f e x p { ^ 2 } , Kx is 
re lated t o a b y : 

Kx= {m a)/2hy> \og(l - ah/m co). (2.16) 

T h e e x p o n e n t i a l o p e r a t o r s o n the r i ght s ide are f a c -
t o r i zed wi th E q s . ( 2 . 8 ) , ( 2 . 1 2 ) and ( 2 . 1 3 ) so that 

the final result c a n b e written as 

V7 = e x p { u ; y i a + 2 } e x p { u ; y 2 ä+ a) 

X e x p { w y s a2} e x p { ^ 4 } ( 2 . 1 7 ) 

w h e r e the c o e f f i c i e n t s f o r the potent ia l with 7 = 1 
a r e : 

wxx = ( 1 / 2 ) ( e x p { - 2 Kx*} - 1) , wX2 = — 2 K*, 
wn=(l/2)(exV{-2Kx*}-l), wu= - K * . 

(2.18) 

F o r the potent ia l w i t h y — 2 , V2(p2) the c o e f f i c i e n t s 
a r e : 

m ; 2 1 = ( 1 / 2 ) ( l - e x p { - 2 £ , * } ) , w22 = - 2 K2*, 
W23 — ( 1 / 2 ) ! ( 1 — e x p { — 2 K 2 * } ) » ^ 2 4 = 

( 2 . 1 9 ) 
w i th 

K2 =i(mh OJ/2) 1/2 K2, 
K2 = — i(2mh co)1/2 l o g ( l + a mh co). (2.20) 

F o r the potent ia l V3(xp) the f a c t o r i z a t i o n reduces 
to the f a c t o r i z a t i o n o f the a l r e a d y k n o w n potential 
Vx ( x 2 ) if E q . ( 2 . 1 1 ) is used . 

e x p { a ( ^ ^ - i m 00 £ 2 ) } = e x p [ e x p { - 2 i ft a } - 1 ] j exp{axp} , ( 2 . 2 1 ) 

e x p { a xp} = e x p { - (m oj/2 ft) x2 [ e x p { - 2 i ft a) - 1 ] } e x p { - i ft a(ä+ ä + a 2 ) } . ( 2 . 2 2 ) 

T h e last f a c t o r in E q . ( 2 . 2 2 ) will b e f a c t o r i zed and o r d e r e d to the f o r m o f E q . ( 2 . 1 7 ) . 

e x p { a xp} = e x p { a 1 * x2} e x p { — i a ft a + a } e x p { ( — 1 / 2 ) a 2 ( l - e x p { - 2 i h a } ) } ( 2 . 2 3 ) 

with 

ax*= - ( m o j / 2 f t ) [ e x p { — 2 1 ft a } — 1 ] . ( 2 . 2 4 ) 

T h e c o e f f i c i e n t s f o r V3 ( xp) a r e : 

wiX = wxx{ax), w32 = wx2{ax) -iah, 
w33 = wx3{ax) exp{ — 2 ih a} + (1/2) (2.25) 

(exp{ — 2iha} — 1) .w34 = wu (oq*). 

It m a y b e r e m a r k e d that V3(xp) c a n b e used in a 
s imi lar i ty t r a n s f o r m a t i o n generat ing a t r a n s f o r m e d 
os c i l l a to r H a m i l t o n i a n o f a d i f ferent mass . 

H = exp{axp}[(p2/2 m) +m w2x2] exp{ -axp} , 
(2.26) 

p2= p2 e x p { 2 iha} , 

x2=x2exp{-2 iha}. (2.27) 
A " t r a n s f o r m e d " m a s s c a n b e de f ined as 

m * = m e x p { — 2 i h a } . ( 2 . 2 8 ) 

T h e t r a n s f o r m e d e i g e n v e c t o r i s : 

I n) = e x p { a xp} | n ) . ( 2 . 2 9 ) 

Par t i c l e s o f d i f f e rent m a s s in an osc i l l a tor wel l are 
s o m e t i m e s treated in nuc l ear p h y s i c s . 

3. Calculation of Matrixelements 

T h e m o s t genera l o n e d i m e n s i o n a l matr ixe lement 
o f the G a u ß i a n t y p e wi l l b e : 

Ix = exp{u;4 - w52/2} (t I pkxl exp{wx a+2} 

X exp { i t f 2 a+ a} e x p { w 3 a2} e x p { — w5 a+} 

X e x p { w 5 a } \t)). ( 3 . 1 ) 

T h e d o u b l e bracket m e a n s a state b e l o n g i n g to the 
o s c i l l a t o r w i th Q , the constant w 5 c on ta ins the shi f t 
o f the o r i g i n . 

w 5 = ( c o m / 2 ft)1/2</. ( 3 . 2 ) 

I f e x p { u ; 3 a 2 } a n d e x p { — w 5 a + } are c o m m u t e d and 
if the Z a s s e n h a u s f o r m u l a of the a p p e n d i x is app l ied , 
E q . ( 3 . 1 ) r e a d s i n o c c u p a t i o n n u m b e r representa-
t i o n : 



Il = T1-(0\är(ä+- ä)k (ä+ + ä)l expl^j a+2} 
X e x p { w 2 a + ä } e x p { — UJ5 a + } ( 3 . 3 ) 

X e x p l ^ a j e x p l ^ g a 2 } ( i + ) ' | 0 ) ) 

w i t h 

Tx= (r! t\)~lk ik(mhco/2)kl2 (h/2mco) ll2 (3.4) 
X exp {w 4 + w52 w3 - w52/ 2 } , gt = w5-2w3w5. 

T h e m a i n p r o b l e m w i l l b e t o e x p r e s s e x p { i ü 3 a 2 } b y 

a p r o d u c t o f e x p o n e n t i a l o p e r a t o r s w h i c h c o n t a i n 

p o w e r s o f a+ a n d A s e p a r a t e l y . B y a s u i t a b l e d e f i n i -

t i o n o f s h i f t o p e r a t o r s i t i s p o s s i b l e t o a p p l y S a c k ' s 

i d e n t i t y r e p e a t e d l y . T h e s e s h i f t o p e r a t o r s a r e d e -

fined as 

[ a i , i 2 ] _ =2 6 A2, ( 3 . 5 ) 

[ a + A, A2]_ = - 2 e A2 , ( 3 . 6 ) 

[ a + a , a m ] _ = - m a m , 

[ a + a , a + m ] _ = m a + m , ( 3 . 7 ) 

[ a A , a 2 ] _ = - 2 d a 2 . ( 3 . 8 ) 

It is 

e x p { — g2(a A — e a2)} = e x p { — g2 <5} e x p { — g2 ö ä+ a) 

= e x p { (e/2 d) [ e x p { 2 g2 — 1 ] a 2 } e x p { — g2 a A] . 

( 3 . 9 ) 

E q u a t i o n ( 3 . 9 ) i s m u l t i p l i e d f r o m t h e r i g h t w i t h 

e x p { + g 2 a A } s o that t h e c o e f f i c i e n t s o f ä 2 i n E q s . 

( 3 . 9 ) a n d ( 3 . 3 ) c a n b e c o m p a r e d . 

g-z = ( 1 / 2 < 3 ) l o g [ i ( 2 d ws/e) + 1 ] . ( 3 . 1 0 ) 

T h e n e x t s t e p is t h e s p l i t t i n g o f the m i x e d e x p o n e n -

tial o p e r a t o r w i t h a A i n t o e x p r e s s i o n s w h i c h c o n -

ta in a+ a n d A o p e r a t o r s s e p a r a t e l y . T h i s c a n b e 

a c h i e v e d b y u s i n g E q . ( 3 . 5 ) . 

e x p { g r 2 ( a A — ( 1 / e ) A2) } = e x p { ( — g2 d/e) a+ A} 

= exp {g2aA} (3 .11) 

X e x p { - ( 2 c 5 ) - 1 [ 1 — e x p { ~2 g2 $}] A2} . 

E q u a t i o n ( 3 . 1 1 ) i s m u l t i p l i e d f r o m t h e r i g h t w i t h 

e x p { + g3 A2}, w h e r e g3 a b b r e v i a t e s 

g3= ( 2 e ö ) - i [ l - e x V { - 2 g 2 ö } ] , (3 .12) 

exp{^ 2 äA}= exp{ (~g2d/e) a+ A} e x p { g 3 A2} . 
( 3 . 1 3 ) 

I n the first e x p o n e n t i a l o n t h e r i g h t s i d e t h e o p e r a -

t o r A i s r e p l a c e d b y E q . ( 2 . 1 ) l e a d i n g t o a n e x p r e s -

s i o n w h i c h c a n b e f a c t o r i z e d . 

t p { ( — g2 d/e} a+ A} = e x p { ( — g2 d/e) (<5 a+2 + e ä+ ä) } 
= e x p { - g2 d a+ a } e x p ^ a + 2 } , 

( 3 . 1 4 ) 

9i=(S/2e) (1 — e x p { 2 g2 (3}) . 
( 3 . 1 5 ) 

T h e final r e s u l t i s : 

e x p { u ; 3 a 2 } = e x p { — g2 <5} e x p { — 2 g2ö a+ a) 

X e x p { ^ 4 a + 2 } e x p { ^ i 2 } . ( 3 . 1 6 ) 

T h e u s u a l c o m m u t a t i o n s a s i n I a n d I I c a n b e p e r -

f o r m e d , a c c o r d i n g to t h e f o r m u l a e g i v e n i n t h e a p -

p e n d i x ; e x p l ^ a } w i l l b e c o m m u t e d t o t h e r i g h t t o 

c o m p l e t e t h e s e p a r a t i o n o f c r e a t i o n a n d a n n i h i l a t i o n 

o p e r a t o r s . 

e x p l g T j a } e x p { — 2 g2 d a + a) e x p { g 4 a + 2 } 

= e x p { — 2 g2 d a+ a } e x p { ^ 4 a + 2 } 

X e x p { 2 gx e x p { - 2 g2d} g, a + } ( 3 . 1 7 ) 

: e x p f o e x p { - 2 g2d] a } e x p f ^ 2 e x p { - 4 g2d) g4} . 

N o w , e x p l g r j e x p { — 2 g2d} ä } i s s u b s t i t u t e d b y E q . 

( 2 . 1 ) a n d t h e Z a s s e n h a u s - f o r m u l a i s a p p l i e d : 

e x p { ( ~9i/e) e x p { — 2^o (^ — A)} 
= e x p { - (gje) e x p { - 2 g2 <5} da+) 

X exp { (gje) exp { -2g2d} A} ( 3 .18 ) 
X e x p { ( — g2/2 e2) e x p { — 4 g2d} <5e} . 

T h e m a t r i x e l e m e n t is a f t e r c o l l e c t i n g all t e r m s 

h = T i T 2 ( 0 | ä r ( a + - ä ) k ( ä + + a ) 1 e x p ^ a + 2 } 

X e x p { t ü 2 ä+ a) e x p { — w5 a + } e x p { — 2 g2 d a+ a } 

X e x p { $ r 4 a + 2 } e x p { ^ g ( 2 9 i t - d/e) a+} ( 3 . 1 9 ) 

X exp{ (g5/e) A) exp{g3 A2} (A+) 1 | 0 ) ) 
w i t h ffs = ffi e x p { - 2 g 2 ö } ( 3 . 2 0 ) 

a n d 

T2 = exp{-g2d+9i g2 - d g.2/2 e) . (3 .21 ) 

T h e A - o p e r a t o r s a r e c o m m u t a t e d t o t h e r i g h t a c -

c o r d i n g t o t h e f o r m u l a e o f t h e a p p e n d i x . 

exp{(g5/e) A} exp{g3A2}(A+y\0)) 

= [A+ + 2g3A +(g5/e)Y\0)). (3.22) 

T h e A-type o p e r a t o r s a r e r e p l a c e d b y E q s . ( 2 . 1 ) 

a n d ( 2 . 2 ) a n d t h e v a c u u m state | 0 ) ) i s e x p a n d e d 

i n t e r m s o f t h e e i g e n s t a t e s o f t h e o p e r a t o r H w i t h 

f r e q u e n c y co. T h e d e r i v a t i o n o f t h e e x p a n s i o n c o e f f i -

c i e n t s w a s a r e a d y g i v e n i n I . 

| 0 ) > = l C 0 s ( 5 ! ) - * a - | O > , 
s 

C 0 S = ( S | O > ) . ( 3 . 2 3 ) 



E q u a t i o n ( 3 . 2 2 ) is, t h e r e f o r e : 

2C0,(5!)-Mä+(2<73<5 + *) +ä{2g3E + d) + [g-Je)Y (ä+)s|0). ( 3 . 2 4 ) 

T h e a + - t y p e o p e r a t o r s a re c o m m u t e d to the le f t w h e r e n o d i f f i cu l t i e s wi l l ar ise . T h e final result will b e : 

h = TiT»2 Cos(sl) (0 | {a exp{w2 - 2 g, 0} 
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+ [ 2 <74 e x p { w ; 2 ~2 g2d} + 2wx e x p { — w2 + 2 g2 ( 5 } ] a + 

— w5 exp (w2) +g5{2 gi-d/s) exp{w;2 - 2 g2 (5}}r 

{ [ e x p { 2 g2d — w2} (1 — 2 wx) - 2 #4 exp{w2 - 2 g2 d } ] a+ 

— exp{w2 — 2 g2d} ä + w5exp(w2) — g5(2 g4 —d/e) x exp{w;2 — 2 g2 d } }^ (3.25) 
{ [ e x p { 2 g2 d — w2} ( 1 + 2 wx) +2 gA e x p { w 2 — 2 g2 <5}] •a + 

+ e x p { w ; 2 — 2 g2 (5} a — w5 e x p ( w 2 ) + # 5 ( 2 g4 — d/e) e x p { w 2 — 2 g2 ( 3 } } ' 

[ a + ( 2 g3 d + e) + a ( 2 g3 e + (3) + g-Je] * ( a + s ) | 0 ) . 

It c a n b e seen f r o m E q . ( 3 . 2 5 ) that o n l y a l i m i t e d n u m b e r o f a n n i h i l a t i o n o p e r a t o r s i s avai lable . T h e 
ser ies e x p a n s i o n b r e a k s o f f a f ter a f inite n u m b e r o f terms . T h e e v a l u a t i o n o f the m a t r i x e l e m e n t s is straight-
f o r w a r d , o n l y m u l t i p l i c a t i o n s a n d s o m e c o m m u t a t i o n s a re n e c e s s a r y . A m o r e e legant t reatment wil l b e 
the use o f a n o r m a l o r d e r i n g f o r m u l a , whi ch is g i v e n in the a p p e n d i x . In a n o r m a l o r d e r e d opera tor p r o -
d u c t all c r e a t i o n o p e r a t o r s stand le f t f r o m all a n n i h i l a t i o n o p e r a t o r s . T h e v a c u u m e x p e c t a t i o n va lue o f a 
n o r m a l o r d e r e d p r o d u c t is z e r o . T h e m e t h o d w i l l b e g i v e n in the f o l l o w i n g e x a m p l e f o r the Gauß-potent ia l 
b e t w e e n u n d i s p l a c e d osc i l la tor states o f equa l f r e q u e n c i e s . 

/ 2 = ( r I e x p { i f 1 a + 2 } e x p { ^ 2 a + a } e x p { i ü 3 a 2 } 11) e x p { u > 4 } 

= (r! i!)~v 'exp{u;4}(0| (a + 2wxä+)r {a+exp{w2}+2 w3 exp{ - w2} a)'1 0) . (3.26) 

N e w o p e r a t o r s are i n t r o d u c e d h a v i n g the s a m e p r o p e r t i e s as a + and a. 

Dx+ = 2wx ä+, Dx =a, ( 3 . 2 7 ) D2+ =a+exp{w2}, D2 = 2 w3 e x p { - w2} a. ( 3 . 2 8 ) 

W i t h the n o r m a l o r d e r i n g f o r m u l a o f the a p p e n d i x the result i s : 

[r/2] r-2k [tl2] t-2l 
I2= ( r ! t\) e x p { w ; 4 } 2 I 2 I 

(w 3 ) 1 1 ! 

j £ o , t o it0 m%k\s\{r-2k-s)\ llm\(t-2l-m)\ 
x (o| dx+s Dxr-2k-sb2+mDj-2l-m\o). ( 3 . 2 9 ) 

T h e m a t r i x e l e m e n t van i shes f o r all n o n z e r o p o w e r s o f Dx+ a n d D2 s o that the l a b o r o f ca lculat ing the 
G a u ß - m a t r i x e l e m e n t is r e d u c e d e v e n f o r l a r g e n u m b e r s r a n d t. 

4. The Gauss-Potential for the Twodimensional 
Oscillator 

A s n o p h y s i c a l o r chemica l a p p l i c a t i o n s o f the 
G a u ß - p o t e n t i a l f o r the d i s p l a c e d t w o d i m e n s i o n a l o s -
c i l l a t o r w i t h d i f f e rent f r e q u e n c i e s c o u l d b e f o u n d a n d 
as n o n e w m e t h o d s wil l b e a p p l i e d , o n l y the m a t r i x -
e l ement f o r e q u a l f r e q u e n c i e s wi l l b e g i v e n . 

V = exp{a(z1s + £22)} ( 4 1 ) 

A s - Z j a n d x 2 c o m m u t e the po tent ia l wi l l b e wr i t ten 
as a p r o d u c t o f t w o o n e d i m e n s i o n a l G a u ß - p o t e n t i a l s 
in the o r d i n a r y s e c o n d quant i zed f o r m . 

V = expl i f j (äx+2 + ä2+2) }exp{w2 (äx+ äx + ä2+ a2) } 
X exp{u>3 ( a x

2 + a 2 2 ) } e x p { 2 w 4 } . ( 4 . 2 ) 

B y the wel l k n o w n t r a n s f o r m a t i o n f r o m the car tes ian 
to the a n g u l a r m o m e n t u m representa t i on (see I I ) 
the po tent ia l i s : 

V = e x p { 2 wx A + + A_+} e x p { w 2 ( A + + A + 

+ A_+ A_)} exp{2w3A+ i _ } exp{2u; 4 } . (4.3) 

T h e sh i f t o p e r a t o r i n t w o d i m e n s i o n s i s : 

S = e x p { - w 5 2 } e x p { - (w5 1 / 2 / 2 ) 

X [ ( l - i ) / + + + ( 1 + £ ) / . ] } ( 4 . 4 ) 

X e x p { K V 2 / 2 ) } [ ( 1 + 0 A + + ( 1 - i ) i _ ] } . 

T h e m a t r i x e l e m e n t 

I3= (N L\V S\N' L') ( 4 . 5 ) 



c a n b e written w i th the a b b r e v i a t i o n s 

w 6 = ( w 5 1 / 2 / 2 ) ( 1 - i ) , 

w7=(w5V2/2)(l+i), ( • } 

I 3 = e x p { 2 W i } e x p { — w 2 } { m + l m _ \ n + \ n _ ! ) 

X (0 0\A+n-A_nexp{2w1A + +A_+} 
X e x p { i ü 2 ( A + + A + + A _ + A _ ) } ( 4 . 7 ) 

X e x p { 2 w3A + A_ } e x p { — w6A + + ] 

X e x p { — w7 A_+) e x p { w 7 A + } 

X exp {M; 6 A_ } A + +m+ A . +m- \ 0 0 ) . 

T h e result can b e wr i t ten d o w n a f t e r the c o m m u t a -

t i on o f the A + - t y p e o p e r a t o r s : 

T h e s e results are i m p o r t a n t f o r a m a t h e m a t i c a l ap -
p l i c a t i o n . It wi l l b e r e m a r k e d , that h y d r o g e n i c ra-
dial f u n c t i o n s c a n b e r e d u c e d t o the r a d i a l w a v e -
f u n c t i o n o f the t w o d i m e n s i o n a l i s o t r o p i c h a r m o n i c 
o s c i l l a to r . H y d r o g e n i c m a t r i x e l e m e n t s c a n t h e r e f o r e 
b e d e r i v e d f r o m E q . ( 4 . 8 ) . 

5. Conclusion and Discussion 

S e c o n d q u a n t i z a t i o n and f e w o p e r a t o r f o r m u l a e 
e n a b l e the a l g e b r a i c s o l u t i o n o f h a r m o n i c o s c i l l a t o r 
matr ixe l ements o f t h e f o r m 

/4 = (r | pk xl e x p { a ( p + £ ) } | * + d > ) ( 5 . 1 ) 

a n d 

/5 = <r | pk xl e x p { a p2} 
X e x p { / ? x2} e x p { y px}\t + d)) ( 5 . 2 ) 

f o r o n e and t w o d i m e n s i o n s . T h e d o u b l e bracket t 
m e a n s an os c i l l a to r state which i s d i s p l a c e d a d i s -
tance d, w i th d i f f e rent mass m* o r f r e q u e n c y D 
c o m p a r e d to the state ( r j . A s a l r e a d y m e n t i o n e d 
the integrals w e r e n o t ye t k n o w n w i t h such g e n e r a l -
i ty . T h e fur ther g e n e r a l i z a t i o n w o u l d b e the inc lu -
s i o n o f e x p o n e n t i a l o p e r a t o r s w i t h h i g h e r p o w e r s 
o f x o r p than q u a d r a t i c ones . T h i s i s n o t p o s s i b l e 
d e p e n d i n g o n the L i e - a l g e b r a i c s t r u c t u r e o f the har -

m o n i c o s c i l l a t o r . F i n i t e L i e - a l g e b r a s c a n b e c o n -
s t ruc ted wi th x, p, xp, x2 a n d p2, h i g h e r p o w e r s o f 
x o r p w h i c h ar ise i n the t h e o r y o f the a n h a r m o n i c 
o s c i l l a t o r l ead to in f in i te L i e - a l g e b r a s . It m a y b e 
p o s s i b l e to d e f i n e a s i m i l a r o c c u p a t i o n n u m b e r re-
p r e s e n t a t i o n f o r re lated p r o b l e m s wi th h y p e r g e o -
m e t r i c f u n c t i o n s s o that m a t r i x e l e m e n t s c a n b e cal -
c u l a t e d w i th the s a m e t e chn ique . 

A s the present results w e r e d e r i v e d b y f a i r l y l o n g 
c a l c u l a t i o n s the q u e s t i o n m a y ar ise i f the ca l cu la -
t i o n o f o s c i l l a t o r G a u ß - m a t r i x e l e m e n t s b y a l g e b r a i c 
t e chn iques is o f o n l y f o r m a l interest o r i f it is o f 
p r a c t i c a l i m p o r t a n c e . T h i s wil l b e a n s w e r e d b y the 
f o l l o w i n g a p p l i c a t i o n s . 

( 4 . 8 ) 

A) Molecular Potentials 

S o m e i n t e r a c t i o n s in m o l e c u l e s a n d b e t w e e n m o -
l e cu les are d e s c r i b e d b y a G a u ß - p o t e n t i a l . A s the 
S c h r ö d i n g e r - e q u a t i o n c a n n o t b e s o l v e d i n c l o s e d 
f o r m , the H a m i l t o n - m a t r i x is c o m p u t e d in the osc i l -
l a t o r b a s i s a n d d i a g o n a l i z e d . 

B) Theoretical Spectroscopy 

T h i s t o p i c w a s d i s c u s s e d t h o r o u g l y b y BELL 5 w h o 
g a v e a l o n g list o f r e f e r e n c e s . In a d d i t i o n to m o l e -
c u l a r s p e c t r o s c o p y s o m e integra ls d e r i v e d h e r e are 
i m p o r t a n t f o r p h o n o n a s s i s t e d opt i ca l t rans i t i ons in 
s o l i d s . 

C) Theoretical Chemistry 

T h e a p p l i c a t i o n s o f the two centre G a u ß - i n t e g r a l 
w e r e a l r e a d y m e n t i o n e d in the i n t r o d u c t i o n . In his 
t reatment o f e n e r g y s u r f a c e s f r o m cusp less w a v e -
f u n c t i o n s WULFMAN 1 2 p r o p o s e d to use h a r m o n i c 
o s c i l l a t o r w a v e f u n c t i o n s as bas i s sets instead o f 
G a u ß - w a v e f u n c t i o n s , as these d o n o t f o r m a c o m -
plete o r t h o n o r m a l b a s i s . I n q u a n t u m c h e m i c a l ca l -
c u l a t i o n s t w o centre integra ls l ike the o v e r l a p a n d 
the k inet i c e n e r g y integra l ar i se which a re in R o -
b e r t ' s n o t a t i o n 

/ 3 = e x p { 2 u ; 4 } e x p { — w 52} ( m + ! m _ ! / i + ! n _ ! ) -1/2 

X e x p { 2 w3 iv6 iv7} ( 0 0 | (A + e x p { z ^ 2 } — iv6 exp{iv2} 

+ 2 wx e x p { — w2} A_+)n+ (A _ e x p { u ; 2 } — w7 e x p { w 2 } 

+ 2w1 exp{ - w2) A++)n~ (A ++ + 2 w3 A_ - 2 w3 w7 + w7)'"+ 
X (A- + + 2 w3 A+ - 2 w3w6 + W6)m-1 0 0 ) . 



K E1 (TI, a, A, N, b, B) = f f f dx dy d z &H (a, r A ) V 2 ^ ( 6 , r B ) ( 5 . 3 ) 

a n d 0 VP(n, a, A, N, b, B) = fffdxdydz &n(a,rA) < M * > , r B ) . ( 5 . 4 ) 

B o t h i n t e g r a l s a r e o f the t y p e ( 5 . 1 ) a n d a r e a l r e a d y g i v e n in I . T h e t h r e e c e n t r e n u c l e a r in tegra l c a n 
b e r e d u c e d b y a n in tegra l t r a n s f o r m to a G a u ß - i n t e g r a l 

N A I(n, a, A, N, b, B) = f f f dx dy dz $n(a, rA) r 1 $n(b,rB) (5.5) 

w i t h r2 = x2 + y2 + z2 

oo 
a n d r _ 1 = 2 f di* e x p { - u r2} . ( 5 . 6 ) 

o 

N A I f a c t o r i z e s to a p r o d u c t o f three o n e d i m e n s i o -
nal G a u ß - i n t e g r a l s . B y o n e c ent re e x p a n s i o n s three 
a n d f o u r c e n t r e e l e c t r o n in tegra l s c a n b e r e d u c e d 
t o p r o d u c t s o f the o v e r l a p , the k i n e t i c e n e r g y a n d 
the n u c l e a r a t t rac t i on in tegra l . F i r s t c a l c u l a t i o n s o n 
a t o m i c a n d m o l e c u l a r f e w e l e c t r o n s y s t e m s b y M o -
SHINSKY a n d N O V A R O 1 3 s h o w that h a r m o n i c o s c i l -
l a t o r t e c h n i q u e s m a y i m p r o v e c o n v e n t i o n a l q u a n t u m 
c h e m i c a l c a l c u l a t i o n s . 

D) Nuclear Physics 

Sla ter - in tegra l s i n n u c l e a r shel l t h e o r y b y the 
T a l m i - e x p a n s i o n t e c h n i q u e are d e r i v e d b y severa l 
a u t h o r s s o that t h e p r e s e n t resu l ts m a y o n l y b e a 
s u p p l e m e n t . It m a y b e m o r e in teres t ing to h a v e 
m a t r i x e l e m e n t s f o r v e l o c i t y d e p e n d e n t p o t e n t i a l s 
a v a i l a b l e . A m o m e n t u m d e p e n d e n t po tent ia l w h i c h 
w a s o f t e n u s e d 1 4 is 

V(r, V 2 ) = — A e x p { — a 2 r 2 } 

- B (V2 e x p { - ß r 2 } - e x p { - ß r2} V 2 ) ( 5 . 7 ) 

w i t h t h e in tegra l r e p r e s e n t a t i o n 

V(r, V 2 ) = { / V(r,r') exp{i( r ' - r)p/h} dr'} . 
( 5 . 8 ) 

F o r b o t h cases m a t r i x e l e m e n t s i n a c a r t e s i a n o s c i l -
l a t o r b a s i s c a n b e d e r i v e d f r o m E q . ( 5 . 2 ) . 

E) Hydrogenic Matrixelements 

LOUCK 1 5 has s h o w n in a s e r i e s o f p a p e r s h o w 
the t w o d i m e n s i o n a l h a r m o n i c o s c i l l a t o r c a n b e re -
la ted t o the h y d r o g e n a t o m . A f t e r a s i m p l e subs t i tu -
t i o n all results d e r i v e d in the p r e s e n t p a p e r c a n b e 
t r a n s f e r r e d to h y d r o g e n i c r a d i a l in tegra l s . It c a n b e 
s h o w n that m a t r i x e l e m e n t s o f the t y p e 

oo 

Knn'u'.s = f 1 !rsRni{r) Rn't (r) r2 dr (5.9) 
0 

t reated s o m e t i m e a g o b y PASTERNACK a n d STERN-
HEIMER 1 6 a r e c o n t a i n e d i m p l i c i t e l y in E q . ( 4 . 8 ) . 

T h e author wishes to thank Pro fessors H . REICH, 
E. RICHTER, and G. SIMON f o r discussions. 

Appendix 

A l l c o m m u t a t i o n s o f the p r e c e e d i n g text are spe-
c ia l c a s e s o f w e l l k n o w n f o r m u l a e n , w h i c h wi l l b e 
r e p e a t e d f o r c o n v e n i e n c e . 

e x p { a A } Yk e x p { - a A } 

= (y + a[A>]_+ («2/2!) [X, [X, ?]_]_+.. 

= ( 7 ( a ) ) Ä ( A . l ) 

= 

T h e c u r l y bradce t t w i t h t h e m i n u s s i g n is a n o f t e n 
u s e d a b b r e v i a t i o n o f the r e p e a t e d c o m m u t a t o r . B y 
ser i e s e x p a n s i o n a n d final r e s u m m a t i o n it c a n b e 
d e r i v e d f r o m ( A . l ) 

e x p { a X } e x p { y } e x p { - a X } = e x p { F ( a ) } . ( A . 2 ) 

T h e Z a s s e n h a u s - f o r m u l a is 

e x p { A + y } = e x p { A } e x p { y } e x p { C 2 * } e x p { C 3 * } . . . 

( A . 3 ) 

w h e r e 

C2* = ( — 1 / 2 ) [ X , y ] _ , ( A . 4 ) 

C 3 * = ( 1 / 6 ) [ A , [ X , ? ] . ] . + ( 1 / 3 ) [ Y , [X, Y] _]_. 

( A . 5 ) 

I f X, Y c o m m u t e w i t h [ X , Y ] _ all t e r m s h i g h e r 
t h a n the s e c o n d v a n i s h . 
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Ä Ä [nf2] n-2k 

(P+Q)"= 20 k]sHn-2k-s)\ 
( c / 2 ) * n ! Qs pn -2k-s 

( A . 6 ) 

w i t h [P, Q] - = c , c i s a c - n u m b e r , P a n d Q c a n 

b e r e a l i z e d b y ä a n d a + , t h u s l e a d i n g t o : 

[n/2] n-2k 
( 1 / 2 ) Ä ra! ' + s zn-2k-s 

( A . 7 ) 

I n t h e c o m m u t a t i o n s s i x d i f f e r e n t t y p e s o f ( A . 1 ) 

a n d ( A . 2 ) a r e n e c e s s a r y w h i c h w i l l b e c o l l e c t e d : 

e x p { a a + } a e x p { — a a + } = ( a — a ) , 

e x p { a a + a } a e x p { — a ä+ ä} =a e x p { — a } , ( A . 8 ) 

e x p { a a + 2 } a e x p { — a a + 2 } = ( a — 2 a a + ) , 

e x p { a a } a + e x p { — a a } = ( a + + a ) , 

e x p { a a + a } a + e x p { - a ä + ä } = a + e x p { a } , ( A . 9 ) 

e x p { a a 2 } a + e x p { — a a 2 } = ( a + + 2 a a ) . 
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